
Sheet 11

Please put your solution in the box of your corresponding instructor before Friday,
May 15th at 12h00 and name your sheet “<First name>_<Last name>.pdf”.

Exercise 1. We let p ∈ (0,1), and, for every n ∈ N, Xn be a random variable following
a Binomial distribution with parameters (n,p).

1. For all λ ∈ R and n ∈ N, give a simple formula for E[eλXn]. Prove that, for all
x ≥ 0,

P[Xn ≥ nx] ≤ exp
[
n
(
log(1 + p(eλ − 1))−λx

)]
.

2. Suppose 1 > x > p. Optimize the above inequality over λ (taking the necessary
precautions) and find a function I such that, if x > p,

P[Xn ≥ nx] ≤ exp(nI(x)).

Study the function I ; in particular, discuss the similarities and differences with
the statement of Cramér’s theorem.

3. If x < p, how does one study P[Xn ≤ nx]?

Solution of exercise 1.

1. We use the well-known fact that a Binomial distribution with parameters (n,p)
can be realised as the sum of n independent Bernoulli’s of parameter p. Let then
(Yk)k∈N be a sequence of independent Bernoulli’s of parameter p; then since

Xn ∼
n∑
k=1

Yk

one has

E[eλXn] = E[eλ
∑n
k=1Yk ] =

n∏
k=1

E[eλYk ] =
(
1 + p(eλ − 1)

)n
,

where we have used the independence of the Yk’s to exchange product and ex-
pectation.

Now, we use Markov’s inequality:

P[Xn ≥ nx] = P[eλXn ≤ eλnx] =

(
1 + p(eλ − 1)

)n
eλnx

,

which we can simplify as

P[Xn ≥ nx] ≤ exp
[
n
(
log(1 + p(eλ − 1))−λx

)]
.
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2. The function λ 7→ eλ is C∞ on R, and the function t 7→ log(t) is C∞ on (0,+∞).
Here, one has 1 + p(eλ − 1) > 1− p ≤ 0 for all λ ∈ R, so that the function f : λ 7→
log(1 + p(eλ − 1))−λx belongs to C∞(R,R).

By the chain rule,

f ′ : λ 7→
peλ

1 + p(eλ − 1)
− x

vanishes at exactly one point:

λ0 = log
(
x(1− p)
p(1− x)

)
.

To prove that this point is a minimum, we study the behaviour of f near ±∞;
near −∞, one has log(1 + p(eλ − 1)) → log(1 − p) so that f → +∞. Near +∞,
one has log(1 + p(eλ − 1)) ∼ λ, so that, since x < 1, f → +∞. In conclusion, f is
minimal at λ0, and we obtain the desired result with

I(x) = f (λ0) = log
[
1 + p

(
x(1− p)
p(1− x)

− 1
)]
− log

(
x(1− p)
p(1− x)

)
x

= (1− x) log
(
x(1− p)
p(1− x)

)
.

To see the link with Cramér’s theorem, observe that since

log(1 + p(eλ − 1)) = logE[eλY1]

is finite for every λ ∈ R, Cramér’s theorem applies. We already identified I(x) =
infλ∈R(logE[eλY1] −λx) so that, by Cramér’s theorem, one has in fact, for every
fixed x ∈ (p,1), as n→ +∞,

P[Xn ≥ nx] ∼ exp(−nI(x)).

So what we just proved, in this particular example, is one half of Cramér’s the-
orem.

3. There is a symmetry in Bernoulli (hence, binomial) random variables: Y ∗i = 1−Yi
is a Bernoulli with parameter 1 − p, so that X∗n = n − Xn is a Binomial with
parameters (n,1− p). In particular,

P[Xn ≤ nx] = P[X∗n ≥ n(1− x)]

can be estimated as previously, replacing x with 1 − x and p with 1 − p, since
1− x > 1− p.

�

Exercise 2. Let (µn)n∈N be a sequence of probability measures on N: for every n, µn
is a sequence (µn,k)k∈N of elements of [0,1], such that

∑+∞
k=1µn,k = 1 for every n.
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1. Suppose that (µn)n∈N converges1 to a probability measure µ. Show that

a) For every k ∈ N, as n→ +∞, one has µn,k→ µk .

b) For every ε > 0, there exists N such that, for every n ∈ N,

µn({1, ...,N }) ≥ 1− ε.

Hint: first prove b) for n large enough (depending on ε but not on N ), then
increase N to get all n ∈ N.

2. Suppose reciprocally that there exists a sequence µk such that conditions a) and
b) above are satisfied. Prove that µ is a probability measure and that (µn)n∈N
converges to µ.

3. Suppose that condition b) above is satisfied. Show that there exists a probabil-
ity sequence µ such that you can extract a subsequence of (µn)n∈N converging
towards µ. (You may use a diagonal argument).

Solution of exercise 2.

1. Let f : N 7→ R defined by f (k) = 1 and f (j) = 0 if j , k. Then, by definition of
convergence of probability measures, as n→ +∞ one has

+∞∑
j=0

µn,jf (j)→
+∞∑
j=0

µjf (j).

By design, the left-hand side is equal to µn,k and the right-hand side to µk . This
proves a).

To prove b), we start from the definition of convergence of probability mea-
sures, applied to f = 1 if k ≤N and 0 if k > N :

∀N,∀ε,∃n0(N,ε),∀n ≥ n0(N,ε),
∣∣∣µn({1, . . . ,N })−µ({1, . . . ,N })

∣∣∣ ≤ ε
2
.

By σ -additivity of µ, one has limN→+∞µ({1, . . . ,N }) = 1, so that there existsN0(ε)
such that

µ({1, . . . ,N0(ε)}) ≥ 1− ε
2
.

Hence, for n ≥ n0(ε,N0(ε)), one has indeed

µn({1, . . . ,N0(ε)}) ≥ 1− ε.

However, that property may fail for n < n0(ε,N0(ε)). We fix ε, then there are
only a finite number of n ∈ N such that n < n0(ε,N0(ε)). By σ -additivity of
µn, for each of those n, there exists N1(n) such that, for all N ≥ N1(n), one has
µn({1, . . . ,N }) ≥ 1− ε. To conclude the claim, we let

N = max(N0(ε),N1(0),N1(1), . . . ,N1(n(ε,N0(ε)))− 1).
1Here, a bounded continous function f from N to R simply means a bounded real sequence; compact

support means finite number of non-zero elements.
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2. By property a), since µn,k ∈ [0,1] for every k,n, then µk ∈ [0,1]. To prove that µ
defines a probability measure, we need to check that

∑
k µk = 1. We use b) (and

the fact that µn is a probability measure) to this end: for every ε > 0, there exists
N such that, for every n ∈ N,

1 ≥
N∑
k=1

µn,k ≥ 1− ε.

Applying a), we obtain that, for all ε > 0, there exists N ≥ 0 such that

1 ≥
N∑
k=1

µk ≥ 1− ε.

Then, by the sandwich theorem,
∑N
k=1µk = 1. Let now f : N→ R be a bounded

sequence. We let M = sup |f |.
As a consequence of b), for all ε > 0, there exists N ≥ 0 such that, for all n ∈ N,∣∣∣µn({N + 1,N + 2, ...})−µ({N + 1,N + 2, . . .})

∣∣∣ ≤ 2ε,

so that ∣∣∣∣∣∣∣
+∞∑

k=N+1

f (k)µn,k −
+∞∑

k=N+1

f (k)µk

∣∣∣∣∣∣∣ ≤ 2Mε.

Now, by a), there exists n0 such that, for all n ≥ n0, for all k ≤ N , one has
|µn,k −µk | ≤ ε, so that, for n ≥ n0,∣∣∣∣∣∣∣

N∑
k=0

f (k)µn,k −
N∑
k=0

f (k)µk

∣∣∣∣∣∣∣ ≤Mε.
To conclude, for all n ≥ n0, one has |µn(f )−µ(f )| ≤ 3Mε. Since M is fixed and ε
is arbitrary, we conclude that µn(f )→ µ(f ).

3. We only have to construct a subsequence of (µn)n∈N such that a) holds.

Since (µn)n∈N is a sequence of probability measures, for every k, the sequence
(µn,k) is bounded (and belongs to [0,1]). Since (µn,0) is bounded, in particular,
there exists φ0 : N→ N increasing such that (µφ0(n),0) converges to some µ0.

Now the sequence (µφ0(n),1) is bounded so that we can again extract a subse-
quence: there exists φ1 : N→ N increasing such that (µφ1(φ0(n)),1) converges to
µ1; by construction, µφ1(φ0(n)),0 is a subsequence of µφ0(n),0 and converges to µ0.

Continuing like this, for every K there exists an extraction ψK = φK ◦ φK−1 ◦
φK−2 ◦ . . . ◦φ0 such that condition a) is satisfied on the subsequence (µψK (n)) for
0 ≤ k ≤ K .
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To conclude, we consider the diagonal subsequence

ψdiag : n 7→ ψn(n)

(that is, we have a double sequence depending on n and K , and we take the
diagonal values K = n). Then (µψdiag (n)) satisfies a) and b), thus converges to µ.

�

Exercise 3.

1. Using exercise sheet 9, prove rapidly that, if (Xn)n∈N and (Yn)n∈N are sequence
of real random variables such that (Xn)n∈N converges in distribution to some
random variable X and (Yn)n∈N converges (in distribution/probability) to a con-
stant c, then

Xn +Yn⇒ X + c XnYn⇒ cX.

2. We let (Xi)i∈N be a sequence of independent, identically distributed Gaussian
variables of expectation µ and variance σ . We consider their empirical variance
and mean:

Xn =
1
n

n∑
i=1

Xi Vn(X) =
1

n− 1

n∑
i=1

(Xi −Xn)2.

What are the expectations of Xn and Vn(X)? Show that, as n→ +∞, these ran-
dom variables converge (in an appropriate sense) to their expectations.

3. Show that, as n→ +∞,

X1 + . . .+Xn −nµ√
nVn(X)

⇒N (0,1).

Can one replace µ with Xn in the result above?

Solution of exercise 3.

1. We proved in sheet 9 that (Xn,Yn)⇒ (X,c). In other terms, for every continuous
bounded function f : R2→ R, as n→ +∞, there holds E[f (Xn,Yn)]→ E[f (X,c)].

In particular, let g : R → R be continuous and bounded. Then f1 : (x,y) 7→
g(x+ y) is itself continuous and bounded so that

E[g(Xn +Yn)] = E[f1(Xn,Yn)]→ E[f1(X,c)] = E[g(X + c)];

hence Xn +Yn⇒ X + c. In the same fashion,

f2 : (x,y) 7→ g(xy)

is continous and bounded, and we conclude that XnYn⇒ cX.
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2. By linearity of the expectation, the expectation of Xn is µ; since E[|Xi |] ≤ ∞, by
the law of large numbers, Xn converges almost surely to E[X1] = µ. Similarly,
the expectation of Vn(X) is

E[Vn(X)] =
1

n− 1

n∑
i=1

E


Xi − 1

n

n∑
j=1

Xj


2

=
1

n− 1

n∑
i=1

E

X2
i −

2
n

n∑
j=1

XiXj +
1
n2

 n∑
j=1

Xj


2

=
1

n− 1
nE[X2

1 ]− 1
n(n− 1)

n∑
i,j=1

E[XiXj ],

where we develop

E


 n∑
j=1

Xj


2 = E

 n∑
i,j=1

XiXj

 =
n∑

i,j=1

E[XiXj ].

If i , j, then Xi is independent from Xj , so that

E[Vn(X)] =
( n
n− 1

− 1
n− 1

)
E[X2

1 ]− 1
n(n− 1)

∑
i,j

E[X1]2

= E[X2
1 ]−E[X1]2 = Var(X1) = σ2.

We cannot apply the law of large numbers, so, in order to prove convergence of
Vn(X) towards σ2, we will prove that the variance of Vn(X) tends to zero (this
proves L2 convergence, which implies convergence in probability).

The expectation of Vn(X)2 is

1
(n− 1)2

n∑
i1=1

n∑
i2=1

E

X2
i1
X2
i2
− 4
n
X2
i1
Xi2

n∑
j1=1

Xj1 +
2
n2

n∑
j1=1

n∑
j2=1

Xi1Xi2Xj1Xj2

+
2
n2

n∑
j1=1

n∑
j2=1

X2
i1
Xj1Xj2 −

4
n3

n∑
j1=1

n∑
j2=1

n∑
j3=1

Xi1Xj1Xj2Xj3 +
1
n4

n∑
j1=1

n∑
j2=1

n∑
j3=1

n∑
j4=1

Xj1Xj2Xj3Xj4

 .
There are only three different kind of terms in this expression, so that

E[Vn(X)2] =
1

(n− 1)2

∑
i1,i2

E[X2
i1
X2
i2

]− 2
(n− 1)2n

∑
i1,i2,i3

E[X2
i1
Xi2Xi3]

− 1
n4

∑
i1,i2,i3,i4

E[Xi1Xi2Xi3Xi−4].
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We let C3 = E[X3
1 ] and C4 = E[X4

1 ] be the third and fourth moments of N(µ,σ2).
Then, with E[X2

1 ] = σ2 +µ2, one has

1
(n− 1)2

∑
i1,i2

E[X2
i1
X2
i2

] =
1

(n− 1)2 (nC4 +n(n− 1)(σ2 +µ2)2) = (σ2 +µ2)2 + o(1).

Similarly,

2
(n− 1)2n

∑
i1,i2,i3

E[X2
i1
Xi2Xi3] =

2
(n− 1)2n

(nC4+2n(n−1)C3µ+n(n−1)σ4+(n3−3n2+2n)σ2µ2)

= 2σ2µ2 + o(1),

and
1
n4

∑
i1,i2,i3,i4

E[Xi1Xi2Xi3Xi4] = µ4 + o(1).

To conclude, E[Vn(X)2]→ σ2 = E[Vn(X)]2, so that the variance of Vn(X) tends
to zero.

3. First, the result is trivial if Xn and Vn(X) are replaced by their limits, since for
any n,

X1 + . . .+Xn −nµ√
nσ2

∼N (0,1).

We now apply question 1:

X1 + . . .+Xn −nµ√
nσ2

⇒N (0,1) and
√
Vn(X)⇒

√
σ2

implies

X1 + . . .+Xn −nµ√
nVn(X)

=
X1 + . . .+Xn −nµ√

nσ2

√
Vn(X)
√
σ2

⇒N (0,1).

If we replace µ with Xn, the numerator vanishes identically, so that one has
(trivially) convergence in distribution to 0.

�

Exercise 4. Return to Sheet 4, exercise 2: let µ be a probability measure on N,
described as usual by a sequence (µk)k∈N. A virus spreads among the population;
at time t, a number N (t) of viruses are alive; between times t and t + 1, each virus
dies and creates new viruses in a random, independent and identical way: each virus
creates k new viruses with probability µk . At time zero, we start with a deterministic
number N (0) of viruses.

Recall that, in sheet 4, we assumed that R0 :=
∑+∞
k=0 kµk < 1 and concluded that

almost surely, the epidemic disappears in finite time. We suppose now that R0 = 1
and µ0 , 0.

7



1. Show that the expected number of viruses is constant in time.

2. We denote by X an integer-valued random variable following µ. Using Jensen’s
inequality, prove that, for every α ∈ [0,1), one has E[αX] > α. Deduce that, for
any α0 ∈ [0,1], the sequence (αn)n∈N defined by αn+1 = E[αXn ] converges to 1.

3. We let α0 = µ0. Prove that

P[N (t + 1) = 0] = E[µN (t)
0 ] = E[αN (t−1)

1 ].

Continue by induction, and show that N (t) converges in probability to zero as
t→ +∞. Does one have almost sure convergence? Convergence in L1?

Solution of exercise 4.

1. From time t to t + 1, one has N (t) viruses that die; each virus j creates Xj new
viruses; hence the family (Xj )1≤j≤N (t) is independent and identically distributed
following µ. In particular, (using Exercise 1 of Sheet 3),

E[N (t + 1)] = E


N (t)∑
j=1

Xj

 = E[N (t)]
+∞∑
k=1

kµk︸  ︷︷  ︸
=1

.

2. Since µ0 , 0, with non-zero probability X is different from its mean E[X] = 1.
Since the function t 7→ αt = et log(α) is strictly convex on R, one can apply the
strict Jensen’s inequality: E[αX] > αE[X] = α.

Let now f : α→ E[αX]. This function obviously maps [0,1] into itself. Moreover
f (1) = 1, and for any α < 1 one has f (α) > α.

In particular, the sequence αn is non-decreasing and bounded from above (by
1) so it must converge to some limit `. Since f is continuous by the dominated
convergence theorem (one dominates by the function 1 whose expectation is
1 <∞), one has f (`) = `, so that ` = 1.

3. One has N (t + 1) = 0 when none of the N (t) viruses alive at time t had any
offspring. If there are k viruses alive, the probability that none of them have
any offspring is µk0, so that

P[N (t + 1) = 0] = P[N (t) = 0] +P[N (t) = 1]µ0 +P[N (t) = 2]µ2
0 + . . . = E[µN (t)

0 ].

Now, as before, N (t) =
∑N (t−1)
j=1 Xj where the Xj ’s are independent, identically

distributed and follow µ. In particular, for any α,

E[αN (t)] = E


N (t−1)∏
j=1

αXj

 .
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We now proceed similarly as in Exercise 1 of sheet 3; since the Xj ’s are indepen-
dent form N (t − 1), this expectation is

+∞∑
k=0

P[N (t − 1) = k]E[αX]k = E[f (α)N (t−1)].

In particular,
E[µN (t)

0 ] = E[f (µ0)N (t−1)] = E[αN−1
1 ]

and, by induction,
E[µN (t)

0 ] = E[αN (0)
t ] = αN (0)

t ,

since N (0) is constant (deterministic).

We can conclude: αt→ 1 as t→ +∞, so P[N (t) = 0]→ 1 as t→ +∞.

One has, in fact, almost sure convergence without having to apply Borel-Cantelli:
the events {N (t) = 0} are increasing, so that

P[limsup
t

(N (t) = 0)] = limP[N (t) = 0] = 1,

where limsupt(N (t) = 0) = “the epidemic disappears in finite time”.

However,N (t) does not converge to 0 in L1 since by question 1 E[N (t)] = E[|N (t)|]
is constant.

�
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